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Analytic energy gradients with respect to atomic coordinates for systems with translational
invariance are formulated within the framework of Kohn—-Sham Density Functional Theory.
The energy gradients are implemented in the BAND program for periodic DFT calculations
which directly employs a Bloch basis set made up of Slater-type (STOs) and numeric atomic
orbitals (NAOs). The details of our implementation are described including the use of
symmetry in the reciprocal and direct spaces, as well as the application of the frozen core

approximation.
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1. Introduction

Over the past 30 years or so, the Kohn—Sham form of
Density Functional Theory [1, 2] (KSDFT) has become
the method of choice for computational chemists and
solid state physicists due to its very favourable
compromise between the computational simplicity of
the ‘noninteracting electron picture’ and the accuracy of
methods in which electron correlation is taken into
account. The conceptual advantage of DFT is that it is
formally ‘exact’ in the limit of the exact exchange-
correlation (xc) functional. It is hoped that further
advances in the computational algorithms and improve-
ments in the approximate xc models will make it possible
to investigate systems composed of many thousand
atoms from quantum mechanical first principles.

One of the early successes of DFT in chemistry was
the formulation and implementation of analytic energy
gradients for localized systems—molecules and clusters
within the linear combination of atomic orbitals
(LCAO) framework [3, 4] which was built upon some
earlier attempts [5-9]. The DFT analytic gradients and

automatic schemes which employ these gradients were
successfully applied to explore potential energy surfaces
of molecules including the determination of the equili-
brium molecular structures [3, 10] and transition states
[11]. The analytic energy gradients are now routinely
used to determine molecular energetics and are coded in
all major DFT codes.

Note, however, that notwithstanding the famous
Hellmann—Feynman theorem [12, 13], the derivation of
the energy gradients with respect to nuclear displace-
ments within the LCAO framework is not trivial for a
finite LCAO basis. It was Peter Pulay [14] who showed
that certain corrections to the Hellmann—Feynman force
arise in the context of the LCAO framework and
implemented analytic energy gradients for the Hartree—
Fock (HF) wavefunction.

There is also a great interest in obtaining the analytic
gradients for systems with translational invariance—
polymers, surfaces, and crystals. Whereas the LCAO
expansion is the ‘workhorse of computational chemis-
try’, the use of plane wave basis set is common in solid
state physics [15]. In addition to being a ‘natural basis’
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for the three-dimensional periodic systems, the number
and convergence of plane waves is controlled by a single
parameter, the energy cut-off. Plane waves form an
orthogonal basis set and do not depend explicitly on the
atomic positions, therefore, the energy gradient is
computed from the Hellmann—Feynman theorem and
Pulay corrections are not required.

Unfortunately, the plane wave basis is not well suited
for describing periodic systems with ‘defects’, for
example, adsorbed molecules on the metal surface.
In these cases, artificial supercells have to be introduced
to impose periodicity in three-dimensions. In these
supercells, physically relevant parts of the system are
separated by large vacuum regions to avoid spurious
interaction and many plane waves are wasted on
describing the irrelevant vacuum. To put it in the
words of Modine ef al. [16], plane waves have infinite
spatial extent and lack the important property of
‘adaptability’ or ‘localizability’ which is so important
for implementation of the linear scaling techniques [17].
To achieve ‘localizability’, methods based, for
example, on the real space grids have been proposed
(for a review see [18]). A formulation in terms of the
mixed plane-wave/LCAO approach [19] might also
prove to be useful. The plane waves basis set is used in
conjunction with first-principles pseudopotentials
[20, 21] which have to be carefully tested on the subject
of their transferability. While great progress has been
made in developing transferable first-principles pseudo-
potentials [22, 23], the ultimate test of transferability
of the pseudopotential is comparison to an accurate
all-electron calculation.

Therefore, the LCAO expansion in the periodic
calculations is deemed useful. Recently, a number of
all-electron LCAO implementations of HF and KSDFT
[24, 27] analytic energy gradients have been reported for
systems with translational invariance. These implemen-
tations share several common features. Gaussian type
atomic orbitals (GTOs) are employed. The KS(HF)
Hamiltonian matrix elements are evaluated between the
AOs and the lattice summations are performed to obtain
the KS(HF) Hamiltonian matrix elements in the Bloch
basis set. A regular grid in the reciprocal space is used.
In the latter case, the P-matrix in the AO basis set is
related to the P-matrix in the Bloch basis set by a simple
Fourier transform.

A viable alternative to this AO approach to the
periodic DFT calculations is to construct and use the
Bloch basis set explicitly. This approach was system-
atically developed by te Velde and Baerends in the
BAND program [28], a precise density functional

method for total energy calculation of systems with
translational invariance. Due to the unique nature of
BAND’s computational algorithms, none of the existing
formulations of the analytical energy gradients are
suitable for implementation in BAND.

In this paper, we report the implementation of the
analytical energy gradient with respect to nuclear
displacements in the BAND program. Our implementa-
tion differs from others in the explicit use of the Bloch
basis set which is built from Slater-type atomic orbitals
(STOs) and numerical atomic orbitals (NAOs).
In principle, our implementation can utilize atomic
orbitals of any type. The details of our implementation
are described including the use of symmetry in the
reciprocal and direct spaces as well as the frozen core
approximation. The paper is organized in the following
way. Section 2 briefly summarizes BAND’s unique
computational scheme and presents a Pulay-type for-
mula for the evalulation of analytic energy gradient for
systems with translational invariance. The next several
sections deal with the evaluation of individual contribu-
tions to the analytic gradient. This is followed by some
applications and the concluding summary. Atomic units
(h=m,=e=ay=E;,=1) are used throughout.

2. BAND energy expression and energy gradient

The BAND program for periodic DFT calculations uses
nonorthogonal Bloch basis set of the type

Xa®) =Y exp {ik - Ty, (r— R4+ T), (1)
T

where each of the basis set functions .,k is a linear
combination of the ‘equivalent’” AOs (STOs or NAOs)
centred on the sublattice of atoms A4 defined in the
reference (T =0) Wigner—Seitz (WS) unit cell by vector
R, and displaced with respect to the reference cell by a
lattice vector T. The Bloch basis set functions are
evaluated on a grid of points inside the reference WS cell
by lattice summations within the appropriate cut-off
radius. The KS orbitals are then expanded in terms of
N2 ‘valence’ basis set functionst (1)

Yam=> "> Mxua®. o=ap. ()
A a

the KS Hamiltonian and the overlap matrices are set up,
and the KS equations are solved with respect to the
expansion coefficients {¢], ;}. Since the KS Hamiltonian

tValence’ basis set function simply means that it describes electronic states which are treated variationally, as opposed to the ‘core’

functions which describe ‘frozen’ states.
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depends on the electron density, this procedure is
repeated until self-consistency is reached. Due to the
underlying nature of the building blocks (STOs and
NAOs) that make up x,, in BAND, the analytic
evaluation of the KS Hamiltonian matrix elements is
impossible.  Instead, the matrix elements are
evaluated by a highly accurate Gaussian quadrature
method [29, 30].

Basis set functions (1) are naturally ‘symmetrized’
with respect to the lattice translations T. A variable k
labels the irreps of the translational subgroup of the
system’s space group. The resulting KS Hamiltonian is
‘block-diagonalized’ with respect to k. In practice, this
means that the computational cost for the calculations
in the Bloch basis set is linear with respect to the
number of k points. Therefore, it is computationally
expedient to make use of the symmetry in the reciprocal
spacet and restrict the possible values of k to the
symmetry unique wedge of the unit cell in the reciprocal
space—the irreducible Brilloiun zone (IBZ). The
integration in the reciprocal space is required, for
example, when the electron density is calculated during
the SCF cycle.

In BAND, the BZ integration is carried out using
the quadratic tetrahedron algorithm which works well
for both metals and semiconductors [31, 32].
The electron density which has the full symmetry of
the system (Al symmetry) is obtained on the
irreducible wedge of the WS cell (IWS) by performing
the Al-projection:

,O(l') - Z pﬂ'(r)’ p(,(r) = %Z

o=a,fB o 5
X Z p‘”({o; t,)7'r), relWs,
o=a,pB

P =D Y Y P L R)X, k), TeWS,

kelBZ AB pqvp

PZAUB(k) = Z n;’(k)c;i:i(k)ctggi(k)-

e <Er

(©)

The sum in (3) is over N; symmetry operations
(generators)

or=1{o;t,Jr=0-r+t, 4)
consisting of the rigid rotation (point group part) o

followed by a nonprimitive translation t,. The point
group parts of the generators are symmetry operations

in the reciprocal space. The action of the operator 6!

is defined as o 'r={o";—0o 't r=0"-(r—t,).
The elements of the so-called P°-matrix in (3) are
obtained by summing over all energy bands which
are below the Fermi energy Ej; nf(k) = nf(k)w(k) are
‘generalized’ occupation numbers corresponding to the
ith band—occupation numbers 77(k) weighted for the
IBZ integration by the factor w(k) according to [31, 32].
It is also expedient to introduce the spin traced P-matrix
with elements Py, (k) = P} , (k) + Pum (k).

The total energy per unit cell E=T;+ Ey.+ Ecou 1S @
sum of the kinetic, xc, and the Coulomb contributions,
respectively, where

Z Z Z P;uvg(k) X,uAk|

kelBZ AB pqvp

Exclpa> pp]l = / Fxe(pas pgs Vo, Vpp)dr,
WS
Ecoulp] = ZZ /,00 (ra)Vy(rp) dr
A,B
+y° / Ap(r)VEdr
B
1
+3 fw Ap(®)AV(r)dr + ZEéoul,
ZPT (re),

Ap(r) = p() =Y pl, pf =
C

= Z V?(rg),
T

p5..(rc) = p(Ir — Re — TI),
pY(rg) = pt (r5) — ZpS(x — R —T).

V | Xvpk)s

5

In (5), Fxe(papp,VPas Vpp) is some ‘local’ function of the
electron density and possibly density gradient which
encompasses the local density (LDA) and generalized
gradient approximations (GGA) [33] for the xc energy.
The first term in the Coulomb contribution is referred to
as the PAIR term. The PAIR term, describes electro-
static ‘pair’ interactions between two neutral spherically
symmetric charge distributions located at the atomic site
R, in cell T=0 and at the site Ry in the cell labelled by
T. The subscript e in p% , denotes the electronic part of
the atomic density. VB(rB) and V? denote electrostatic
atomic potential corresponding to a neutral spherically
symmetric charge distribution p2(rp) and its lattice sum,
respectively. All the electrostatic potentials correspond
to the charge neutral objects and the corresponding
lattice sums converge rapidly. The prime at the sum

tApart from the time-reversal symmetry, the symmetry in the reciprocal space stems from the symmetry in the direct space, it has no

symmetry of its own.
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sign in the PAIR term means that the atomic self-
interaction is omitted in T=0. The charge neutral and
Al-symmetric electron deformation density Ap(r) is the
difference between the electron SCF density p(r) (3) and
the sum of the atomic electron densities. A} denotes the
electrostatic potential which corresponds to Ap(r) and
which is obtained via a global fit under the constraint
that the fitted deformation density integrates to zero
[34]. Finally, the last term in the Coulomb energy is a
sum of Coulomb atomic energies E¢_; (see [30] p. 58).
As explained below, this term will not contribute to the
energy gradient as the sum of ‘one-centre’ contributions
and can be omitted from futher consideration. Note also
that all terms in (5) can be evaluated from the IBZ
information only.

The derivation of the gradients in the periodic case
follows that of molecules. The main distinction is
that we have to perform integration in the reciprocal
space and that the electrostatic terms should be
properly combined. Assuming that self-consistency is
reached, after some algebra we obtain a Pulay-type
formula for the density functional energy gradient
with respect to the Cartesian coordinate y of an
atom C located at R,

AVB(k)
3D WML LN

keBZ AB pa4vp

/ ) 9p°(r) dr + 3EcOu1’
—q, ﬂ

dRY. IRY.
IL AVB (k) Z IJ«A VB (k)

o=a,p
P k) = Y nl (KK (K)eg, (K).
e <L

(6)

The first term in (6) stems from the explicit dependence
of the LCAO energy expression on the P-matrix
elements which, in turn, implicitly depend on the nuclear
coordinates through the SCF solution. This term
involves the eigenvalue- or energy-weighted P°-matrix
and derivatives of the overlap matrix elements
Ss(K) = (XuxlXvk). The second, third, and fourth
terms are explicit partial derivatives of the kinetic, xc,
and the Coulomb electrostatic energy, respectively. The
xc contribution involves the xc-potential defined as

Ve (r) = 8Exclpa, ppl/8ps(r). The potential V7, is always
eleutated in BAND explicitly. In the case of the kinetic
energy and xc-energy contributions to the analytic
gradient, the explicit dependence on the nuclear

coordinates is entirely due to the LCAO nature of the
basis set. In the case of the electrostatic energy
contribution, the explicit dependence stems from the
LCAO basis set as well as from the external atomic
potential. The Hellmann—Feynmann force is ‘buried’ in
the last electrostatic contribution.

The following is relevant when implementing gradi-
ents in BAND.

(i) BAND energy relies on a numerical integration
scheme to evaluate integrals which involve Bloch
basis set functions. It is expected that numerical
evaluation of integrals that involve gradients of
the basis set functions is more challenging.
Therefore, it is important to make sure that the
numerical errors are minimized.

(i1) The energy gradient (6) involves integration in
the reciprocal space over the whole BZ. We
have to employ symmetry in the reciprocal
space to compute the energy gradient from
IBZ, and, therefore, we will need to know how
to transform Bloch basis set functions and
their gradients in the symmetry related
k-points.

(ii1) For efficient implementation of the gradients, we
will also make use of symmetry in the direct space.
To reduce the number of electrons which have to
be treated variationally, it is expedient to imple-
ment gradient within the frozen core approxima-
tion (FCA) [35, 36].

With respect to the accuracy considerations we note
that certain terms that contribute to the total energy
will not contribute to the energy gradient. These
terms should be removed from the energy expression
a priori to avoid ‘numerical noise’. One important
example of such terms are the one-centre terms—the
energy contributions which depend solely on one
‘sublattice’. A one-centre energy contribution can be,
for example, an overlap integral (or a kinetic energy
integral) between two Bloch functions which are built
from the AOs belonging to the same sublattice. It is
clear that by moving an atom in the reference cell
and, moving all its ‘translational’ copies in the other
cells we do not change the integral’s value. Therefore,
a partial derivative of the one-centre terms with
respect to any atomic coordinate is always analytically
zero. The same can be said about the electrostatic
contributions to the energy which depend only on one
sublattice—these terms will not contribute to any
partial derivatives (with respect to the atomic
coordinates).

TBAND’s Coulomb energies and lattice summations are extensively discussed in te Velde’s PhD thesis which can be freely

downloaded from www.scm.com



Downloaded By: [Canadian Research Knowledge Network] At: 23:56 14 January 2008

The formulation and implementation of analytic energy gradients 2587

The first energy derivatives with respect to the atomic
coordinates can be evaluated from the IBZ based on the
symmetry transformation properties of the Bloch basis
set functions. As shown in the Appendix A, the
expectation value of an operator 4 can be computed
from IBZ as

%Z Z Z Z PﬂAVB(Ok)(XMAﬂklAA|XVB0k>

0 kelBZ AB pavp

Z D3N P05t il 4103t} ).

0 0 kelBZ AB pavp
)

where {0;t,}x,,x and {o;t,}x,k are Bloch basis set
functions rotated in the real space

{o; tO}X/l.Ak(r)
=Y exp {ikT}xu, (07 (r — R4y — T4(0) — 0T)). (3)
T

Note that the symmetry operation o transforms an AQ
centred on atom A into the rotated AO centred on the
symmetry related atom (04) with coordinate
R4y +Ty(0) =0R, +t,. The symmetry operations
always map one sublattice of atoms into another apart
from, perhaps, a primitive lattice vector (T4(0)) [37].
From (8) it follows that the gradient of the rotated Bloch
function transforms as

(8{0 tO}XlLAk>

Finally, it is expedient to use the symmetry in the
direct space to perform the numerical integration of the
terms involving the gradient of electron density—the xc
contribution and the Coloumb contribution. The use of
the symmetry in the direct space is described in section 5
which deals with the xc and electrostatic contributions.
It suffices to say here that electron density gradients with
respect to atomic coordinates can be evaluated on
IWS only.

The rest of the paper is organized as follows. Section 3
describes evalution of the kinetic energy and the energy-
weighted P-matrix contributions to the analytic
gradients. Section 4 describes the computation of the
electron  density gradient which enters the
expressions for the xc-energy and Coulomb contribu-
tions. Section 5 deals with evaluation of the Coulomb
and xc-energy contributions. This is followed by a brief
discussion of the frozen core approximation and
numerical examples.

)

8X/4Ak
Z( )VQ( fwe ) A

o 'r

3. Kinetic energy contribution and energy-weighted
P-matrix contribution to analytic gradient

In this section, we consider contributions from the
kinetic energy and energy-weighted P°-matrix to the
analytic gradient. ‘Physically’, the two terms have a
different origin. The energy-weighted P°-matrix con-
tribution stems from the explicit dependence of the
energy on the MO coefficients and orthogonality
constraints, whereas the kinetic energy contribution
9T,/dRY. stems from the explicit dependence of the basis
set functions on the atomic coordinates. In practice,
evaluation of both terms is very similar.

Let us consider the kinetic energy contribution in
detail, as it is a little bit more complicated. Using (7), the
kinetic energy writes as

Z > 22 Tuwsok),

0 0 kelBZ AB pavp
TMAVB(Ok):Re{ /I.AVB(k) {o; tO}X/LAkl V [{o; tob(v,;k)}

(10)

where ISM v(K)=2P, (k) for pu,y#vp and
Pmm(k) =Py, k). The sum (10) is over
NB % (N8 —1)/2 distinct {414, vg} pairs. The diagonal
terms {4, u4} = {B, vg} a priori will not contribute to the
gradient as these are one-centre terms and can be
excluded. For each ‘pair’ {4,u,},{B,vz} we then
analyse assignment of y,,x and x,, Bloch functions
and omit the term from consideration if both basis
functions are centred on the same sublattice (4 = B). If
{o0; t,} is the identity operator, each of the remaining
two-centre terms will then contribute to the derivatives
with respect to R’ and R

8TMA VB(k) _ = BX;LAk 1 2
W——Re Prvs O\ 25 =3 Vo k) 1+ "
8TMAVB(k)_ 5 BX;LAk 1 2 I3
W- —Re PMAVB(k) a}’y —EV |Xl)l,’k) s

respectively, where y={x,y,z} or y={1,2,3}. Note
that in the second equation of (11) we used complex
conjugation to avoid differentiation of the Laplacian of
the basis set functions.

In the symmetry related k-point—ok, we obtain

VR(M) MAVB(Ok)—_O Re{ MAVB(k) VX}LAk| V |Xka>}

VR(oB) MAVB(Ok)—_O RC{ ng(k) va5k| V |Xp.4k> }

(12)
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where we used (9) for the gradient of the rotated basis
set function. In (12), Vg,, and Vg,, denote a three-
component gradient with respect to coordinates of
atoms (0A4) and (0B), respectively. The final expression
for the gradient of the kinetic energy writes

or, 1
@_ N5 ;k;:z;/;;

ox 1
XRG{ }LAI)B(k)Z(O)ya[SC(OA)< aﬂ;k —§V2|Xv1;k)
Xy 1
+8q03)< o g“ 2|xm> ]} (13)

In practice, we compute all the gradients in the IBZ via
equation (11) and then, in the end, perform ‘symme-
trization’ of the gradients by ‘averaging’ over the
symmetry operations using (12).

The algorithm for calculation of the energy-weighted
P-matrix contribution to the analytic gradient follows
closely the calculation of the kinetic energy contribution.
We again analyse only those {u 4,v5} pairs for which the
basis set functions are assigned to different sublattices
A # B. The resulting equations follow closely (11), (12)
and (13) if we replace V> by the identity operator and
replace the P-matrix by PC®matrix (6). The final
expression is given by

0 0 kelBZ A#B MHAVB

Xy
X |:8C(6A)< s

Finally, we note that the linear scaling techniques are
used to speed up numerical integration. The whole
simulation region is partitioned into blocks and the
integration is performed on the block by block basis.
Only the basis functions which are not identically zero
are considered for the integration in the given block. In
practice, this means that for each block we consider only
a subset of the basis set functions in (10).

E53) DI LMD AT

Xka> +5CaB)<XuAk| ngk):|}. (14)

4. Gradient of the electron density

Gradient of the electron density with respect to the
atomic coordinates is required for calculation of the xc
and Coulomb terms in (6). This gradient is precalculated
for each atomic coordinate on the IWS and stored on
the disk from which it can be later retrieved.

The calculation of the density gradient proceeds in the
following way. According to (7), the electron density can
be computed from the IBZ as

Po) =7~ Z Y30 Praolok,r),

N 6 KEIBZ AB jvg
Puavno(Ok DY =Re] 7 0)((05t) 0 k(0D ((03 D)}
(15)

where we loop over N3(NB +1)/2 pairs of Bloch basis
set functions and P-matrix is defined through the
P-matrix as in section 3. Note that the one-centre
contributions should not be removed from the density.
Next, we consider a fixed {u4,vp} ‘pair’ density
Puvgo(K, 1) at k-point in the IBZ. The derivative of
this ‘pair’ density is

90p 4vp.0(K,T) _

0p4v5, U(k r)
BRV

X"A"( 2 XVBk(r)} reWs.

_Re{P"AVB(k)XMk( ) X”B“( )}, rews.
(16)

In the symmetry related k-point outside of the IBZ—
ok, the contributions to the gradient stem from the
rotated ‘pair’ density p, ., .-(0k, r). Taking into account
(9), we can express gradient of the rotated ‘pair’ density
in terms of the gradient (16)

VR@,,)IOMA\JB,J(Oka l‘) =0- VRA puAvB,a(k» 6711‘)’ (17)

where the vector notation introduced in section 3 is
used. The final expression for the density gradient is
given by

a 1 _
O ID P IS LD SOR

0 kelBZ AB HAVB
(31r}

(13)

As in the case of the kinetic energy contribution, the

gradients are computed on the IBZ using (16) which is
followed by symmetrization (17).

Xy sk 0X vk
X|:5C(¢3A) 85‘; Xugk-i-SC(aB)XMkTUs

5. Coulomb energy contribution and xc-energy
contribution to analytic gradient

Both, Coulomb and xc-energy terms in (6) involve
density gradient. Most of the electrostatic energy comes
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from the so-called PAIR term. The PAIR term is at least
one magnitude larger than the electrostatic terms
involving the deformation density Ap(r). We will refer
to these ‘smaller’ electrostatic terms as the ‘non-pair’
terms. The evaluation of the gradient of the non-pair
electrostatic terms is very similar to the evaluation of the
xc-energy contribution to the analytic gradient.

Differentiating the electrostatic contribution (sum of
atomic Coulomb energies is omitted) to the energy of the
crystal per WS cell we obtain

0Econ OPAIR / 080 (e
. d
R, OR}, " Jws 0R} Z f
oV AP
+ / Ap—— dr + / AV dr
ws  ORj ws OR};

oPAIR IAYY) 0Ap 5
= Veou d V2 dr,
oR, /WS oRY, | Coudr /Ws o

VCoul(r) = <Z VC + AV),
C
(19)

where we used integration by parts

B VB AP
A dr=— Ap——dr= VB dr.
/Ws PR, /ws P or /ws E%%
(20)

It is of paramount importance that the derivative of
the pair term is evaluated as accurately as possible.
Fortunately, evaluation of dPAIR/dRY is possible with
almost any precision using a special coordinate trans-
formation as described in section 5.2. The electrostatic
non-pair terms in (19) have to be evaluated using three-
dimensional numerical integration. The second and the
third terms in (19) involve derivatives of the deformation
density

Np  dp  0pf

— = — (21)
ORY,  ORY, OR)

and
dAp dAp

The non-pair terms in (19) involve also the total
electrostatic and eclectrostatic atomic potentials Veou
and V2.

Note that these non-pair terms contain

A p” B AApB

- VB, 23
IR R (23)

which leads to the exact cancellation of the one-centre
terms of the type

A p?
RS

24)

The only remaining ‘one-centre’ terms are of the form

B
/ LN (25)

It is expected that these smaller terms can be handled by
BAND’s three-dimensional integrational scheme with
sufficient accuracy.

The gradient of the Coulomb energy is calculated
using equation (19) from the SCF density gradient (18).
The evaluation of the PAIR term is described in section
5.2,, whereas the next section describes evaluation of
terms which involve density gradient from the IWS.

5.1. XC contribution to the analytic gradient:
IWS integration

The density gradient can be computed only on the IWS
and the symmetry in the direct space can be used to
calculate certain integrals over the whole WS. Let us
demonstrate this by evaluating the xc-energy contribu-
tion to the analytic gradient. Note that from the
computational point of view, the evaluation of the xc
contribution is identical to the evaluation of the
non-pair electrostatic term which involves the total
Coloumb potential—both terms contain a product of
Al-symmetric potentials (Vo and V7,) and a density
gradient. The integral over the WS can be written as

9po(r) R
BRV Z/ gRg Vic(r)dr=—;2&:1“(o),

5 (1) 20
A o5 (x
ro= /5(1WS) A P dr

where p2(r) is a part of the SCF density which explicitly
depends on atom B (see Appendix B). We now consider
integral 1°(6) and coordinate transformation r' = 6~'r
which maps 6(IWS) — IWS. Due to the Al-symmetry,

Ve .(r'y =V (r); the volume -element dr remains
unchdnged it is shown in Appendix B (equation (B9))

that p2(r) transforms as p8(or') = ,o(‘; B (r') and

3
/o 9

3 09 or
o Zl e o Z;‘aW(O)W' @7)
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After carrying out the change of variables in the integral,
we obtain an expression for the xc contribution to the
analytic gradient which involves only integration of
quantities defined on the IWS

004 (r)
3Ry ZG:ZZ( )J/Dl /WS 8Roé VZc(r) dr. (28)

It is shown in Appendix B that the spherically
symmetric atomic density transforms the same way as
the atom-dependent chunk of the SCF density and,
therefore, we can replace V7 (r) = Vou(r) and
p(r)— Ap(r) to obtain the expression for the calculation
of the first part of the non-pair Coulomb contribution
from the IWS (19). Reduction of integral (20) can be
accomplished along similar lines.

5.2. Derivative of the pair electrostatic energy

The first term in (19) dPAIR/3RS can be evaluated in
polar spheroidal coordinates with almost arbitrary
precision. Each pair of atoms (A4(T),B), 4# B in the
pair interaction will contribute only to derivatives d/9R%
and 9/0R%. Note that the pair interaction between two
atoms that belong to the same (two identical atoms
separated by a lattice vector T) will not contribute to the
energy derivative 9/9R% since it is a ‘one-centre’ integral.
Therefore, a simple strategy for calculation of the PAIR
derivative is to run over all pairs of atoms (A(T), B),
A# B within a certain cut-off distance from the
reference WS cell and calculate each pair contribution
to 9/0R% and 9/dR%.

Differentiation of each pair can be accomplished in
the following way. Consider a two-centre integral

IR, Ry, T) = I(d) = / PN VA(r — ddr,  (29)

where d=Rz+T—-R, and d=|d| is the distance
between the two centres. This integral can be evaluated
numerically in prolate spheroidal (PS) coordinates

x=ashusinvcos ¢, ue/(0,o0),
y=ashusinvsin ¢, ve]lo,m, (30)

z =acshu cos v, ¢ €0, 2m).

The Jacobian of the transformation is

J = a*(sh? u + sin® v)shu sin vdudv de
= —a’g(u, v)dudvde, g(u,v) = (csh’u — v*)shu,
(1)

where v=cosv, ve[+1, —1]. The integral in Cartesian
coordinates reads in the PS coordinates as

271 00
/f(x, y,z)dxdydz = a3/ dzb/
0 0

1
x du i dvg(u, v)f(u, v, ). (32)

The two-centre integral of the type (29) where p”(|r|)
and V%(jr—d|) are two spherical distributions on two
different centres reads as

00 +1
I(R4, Ry, T) = 21" f du / dvgu, VP (r) V().
0 —1
(33)

where r, and r, are distances to centres 4 and B,
respectively

ro = a(cshu +v),
rp, = alcshu—v), a= E’ (49
2
Note that integral (33) depends on d-the distance
between the two centres. The parameter d enters the
integral explicitly through the prefactor «® which stems
from the Jacobian of the transformation and implicitly
through the functional dependence of p*(r,) and V*(r,).
To calculate the derivatives of the pair interaction
integral we note that

of ol dd gf( D=
AR 3dIRY  ad d N

ol 9l od _ald  dl

OR% — 3ddR%  ddd  ORY

oI RS + T* — R,
8d|Rp+T — Ry’

(35)

We obtain the following expression for the derivative of
the two-centre integral with respect to the distance
between the centres

al

+1
— = n3d’ / du dvg(u, Wt (ra)VE(ry)
od 0

+1
3p™ (ra) dra
3 B
+ 2mna fo du/ﬁ1 dvg(u, v) o 8dV( )

31/, BVB(}"b)
a;;,

00 +1
~|—2ﬂ:a3/0 du 1 dvg(u, v)p” (a)

3 27'[(1 00 +1
=-1
y +— 7 J, du g dvg(u, v)

(2 )+
T'a

VB(r b))
h

(36)
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Note that the integrand in the last expression contains
the radial derivatives of both atomic density and
potential.

6. BAND gradient in the frozen core approximation

This last section briefly sketches an implementation of
the BAND energy gradients in the frozen core approx-
imation (FCA) [35, 36]. The details of implementation of
gradients in FCA for molecules are given in [4]. The
FCA allows one to speed up the SCF procedure by
treating only valence electrons variationally. In the
FCA, the electrons are divided into ‘core’ and valence
and it is assumed that the ‘core’ electrons do not
participate in the formation of chemical bonds. Then, as
usual, the Bloch basis set functions are constructed. By
default, the numerical atomic orbitals (NAOs) from free
atomic calculations are used to build up a ‘minimal’
Bloch basis to describe the core electrons, whereas both
NAOs and STOs are used to construct a valence Bloch
basis set

Xox@® =Y exp (kT)x,(r —R, —=T), pel...N,
T

X =Y exp (kT)x.(r — R, = T),
T

pel...NE  NBS N, (37)
where N2 and N, is the number of ‘core’ and ‘valence’
electrons. The ‘valence’ Bloch basis set functions are

then orthogonalized to the ‘core’ for each k to obtain a
VOC basis set

voc _ ( Xvoc

k> > XNBk) =Xk — IC(OV/VOC(k)’

= (Xlka s Xfok) - (Xlk’ s dﬁvck)ov/voc(k)’ (38)
where  0"V°°(k) =(S°“(k))'S¥(k) is the N, x N?
transformation matrix which ensures that the VOC
basis set spans the subspace which is orthogonal to the
‘core’ states. S¢/°(k) and S°V(k) are the overlap matrices
between the core—core and core—valence Bloch basis set
functions, respectively. The core—valence overlap matrix
is defined as

S () = f ol dr, s(k) = / 27 dr, (39)
WS WS

and the other matrices are defined in a similar fashion.

The SCF calculations are then carried out in the VOC
basis. Note that a VOC basis set function depends on
several ‘centres’, whereas valence (V) or core (C) basis

set functions depend on one centre (one sublattice) only.
Therefore, in order to take the derivative, the BAND’s
energy has to be written explicitly in terms of the
(M+(C) basis set. For example, the kinetic energy is

Ts: Z Tr{PVOC(k)TVOC/VOC(k)}’ TVOC/VOC(k)
kelBZ

; 1
_ / ;§°°*<__v2) 7oedr,
ws 2
TVOC/VOC(k) _ Tv/V(k) _ 0v/voc+(k) TC/V(k) _ TV/C(k)OV/VOC(k)

+ OV/voc'}' (k) TC/C(k) 0v/voc (k),
(40)

where PY°¢ is the P-matix in the VOC basis set and the
VOC overlap matrix is

SVOC/VOC(k) — / )—(KOCT Xl\;oc dr = SV/V(k)
WS

_ OV/VOC! (k)Sc/V(k) _ SV/C(k)OV/VOC(k)
+ OV/VOC%(k)SC/C(k)OV/VOC(k).
(41)
The total energy E can be written as an explicit
function of the P-matrix in the VOC basis set—P"°¢, the

transformation matrix 0*/¥°¢, and the (V) + (C) basis set
functions. Differentiating the total energy, we obtain

PVOC (k)

NB
dE - JdE
dR” :ZZanoc(k) 3RV ZZ
B k v
oE (Ne,NE) BPVOC(k) aOV/VOC(k)
onc (k) 5 aOv/voc (k) BRZ

0E  00,"(k)
aRV + Z Z Z aOv/voc(k) 8R§ : (42)

The first two terms in (42) look formidable but they can
be combined together to give a familiar energy-weighted
P°-matrix term

/V(K) 0SY/¢(k)
— E § PVOC e(k)( nv § pe 0;{)VOC(k)
o ORY, — 3R}
Se (k)
_ v/vocv av
§ o a &7 ) (43)

In deriving (43) we assumed (S</°(k))~"/ dR% = 0.
To obtain the third term 0E/0R} in (42), we
differentiate basis set functions and atomic terms
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keeping the P and OYY°® matrices fixed, and to obtain
the fourth term we differentiate the energy expression
with respect to 0YY°° matrix elements keeping every-
thing else fixed. The last two terms in (42) can be
combined to obtain the final expression for the energy
gradient in the FCA which strongly resembles (6). The
energy-weighted P*-matrix term in the FCA case is given
by (43). The kinetic energy contribution to the gradient
dT,/0R} can be derived straightforwardly from (40).
Finally, the xc and Coulomb contribution to the analytic
energy gradient in the FCA have the same form as in the
all-electron case (6). The construction of the density
gradient requires modification as the density is expressed
now in terms of the (V) + (C) basis.

The procedure outlined in section 4 is referred to as
the construction of the density gradients via the
P-matrix route. In the case of the FCA, the P-matrix
route would involve differentiating expressions invol-
ving complicated products of matrices and basis set
functions which, in turn, entails a complicated loop
structure. Therefore, it is more expedient in this case to
adopt the so-called ‘band-by-band’ construction proce-
dure. In the ‘band-by-band’ procedure we explicitly
construct the gradient of all the bands and the density
gradient is obtained by summing over the bands

o (K, 1) . ot V(D)
W Z 2n7 (k) Re{%j(f) 8};% } re WS,

& <Er

aw.a Nf aXv Ne
ik _ “Amk

o=1

Ov/voc (k) y 3X§k
X ( aRV 8k + Ozmvoc(k) ﬂ .
(44)

The symmetrization of all gradient terms in the FCA
follows the same path as in the all-electron case.

7. Examples from numerical tests

Our implementation was subjected to a number of tests.

One of the simplest conceivable tests of analytic
gradients in solid state codes is the molecular optimiza-
tion in the supercell geometry. We performed a series of
calculations on the CO molecule which was placed in a
large cubic supercell with @ =20 A. The oxygen was put
at the origin (0,0,0), whereas the carbon atom was
placed at some distance along the positive z axis at
position (0,0,d). We performed a series of LDA
calculations by varying the z coordinate of the carbon
atom. The all-electron TZ2P STO/NAO basis set from

10 TNV T T R A
o.s:-
04
0.23_ ________

0.0 N .

gradient x 102 (Hartree/Bohr)

<5x104A

i energy fit-------
-0.6 | gradlent ]

1.123 1.124 1. 125 1. 126 1 127 1 128 1 129 1 130 1 131
CO bond length (A)

Figure 1. Energy gradient of CO molecule and energy profile
as a function of diatomic distance d between carbon and
oxygen. LDA/TZ2P calculation with Accuracy =5, no disper-
sion, and large supercell. In the energy profile, the energy is in
arbitrary units with arbitrary chosen zero point energy. The
profile is constructed by fitting energy values to the parabola
with least-squares fit. The agreement in the equilibrium bond
length as deduced from _the energy gradient and energy profile
is better than 5 x 10~*A.

BAND’s basis set database was employed, dispersion
was neglected, and the general accuracy parameter
which, for example, controls the precision of numerical
integration was set up relatively high (Accuracy=>5).
Figure 1 shows the analytic force —dE/dR. acting on
the carbon atom in the z direction as a function of d
together with the ‘bond length energy profile’ obtained
by a least-squares fit. From the energy profile it follows
that the energy minimum is attained for
d~1.127—1.128A. The experimental bond length is
1.128 A [38]. In agreement with the energy profile, for
bond lengths which are smaller than the equilibrium
bond length, the force acting on the carbon atom is
positive and decreases as the bond length increases.
The force passes through zero between 1.127 — 1.128 A
and becomes negative for larger bond lengths. Overall,
the sign and magnitude of the force is consistent with
the energy profile. As can be seen from figure 1, the
discrepancy between the equilibrium bond Ilength
deduced from the analytic gradient and energy profile
is less than 0.0005 A.

Figures 2 and 3 compare the analytic force from our
implementation and the force obtained by numerical
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position of N atom along (1,1,1)

Figure 2. Contributions to the analytic force acting on the
nitrogen atom in BN crystal as a function of the B-N distance.
Only one component of the force is shown. The B atom is
located at the origin and fixed; N is located on and moved
along the cube’s diagonal (1,1,1). The lattice constant is
a=3.616A and the distance between the atoms is 3" xa x
fractional coordinate. The fractional coordinate of 0.25 for the
nitrogen atom corresponds to the zincblende structure at
which the analytic force is zero (not shown). LDA/TZ2P
calculation with Accuracy =5 and dispersion. The total force
is partitioned into various contributions: kinetic—kinetic
energy contribution; elstat—electrostatic energy contribution;
Xc-Xc  energy  contribution;  pmatrix—energy-weighted
P°-matrix contribution. The analytic force is compared to
the one obtained using numerical differentiation as described
in the text.

differentiation of energy terms in the boron nitride and
silicon solids for a number of interatomic (B-N and
Si—Si) distances. Note that the calculations for the
silicon were carried out in the frozen core approxima-
tion. In both calculations, one of the atoms was fixed at
the origin (B and Si), whereas the other atom (N and Si)
was moved away from the first along the direction
(1,1,1) (along the cube’s diagonal). For each of the
interatomic distances, we have calculated the force
acting on the atoms located on the cube’s diagonal (N
and Si) and also various contributions to the force both
analytically and numerically. The numerical partial
derivatives of the energy terms were determined using
a five-point central difference scheme under the condi-
tion that the MO coefficients were kept fixed. The
numerical energy-weighted P®-matrix contribution was
obtained as the difference between the total and partial
energy derivatives. Figures 2 and 3 confirm that our

0.2420 0.2425 0.2430 0.2435 0.2440 0.2445 0.2450 0.2455
Position of Si atom along (1,1,1)

Figure 3. Contributions to the analytic force acting on the
silicon atom in Si crystal as a function of the Si-Si distance.
Only one component of the force is shown. One of the Si atoms
is located at the origin and fixed; the other Si atom is located
on and moved along the cube’s diagonal (1,1,1). The
lattice constant is a=35.43 A and the distance between the
atoms is 32 a x fractional coordinate. The fractional coor-
dinate of 0.25 corresponds to the diamond structure at which
the analytic force is zero (not shown). Frozen core LDA/TZ2P
calculation with Accuracy =35 and dispersion. The total force
is partitioned into various contributions: kinetic—kinetic
energy contribution; elstat—electrostatic energy contribution;
Xc—Xc  energy  contribution;  pmatrix—energy-weighted
P°-matrix contribution. The analytic force is compared to
the one obtained using numerical differentiation as described
in the text.

implementation in the all-electron and frozen core
approximation cases is indeed correct and yields analytic
energy gradients which are the total derivatives of the
energy. The discrepancy between the analytic and
numerical forces is less than 0.0004 (H/B) and the
total energy derivative can be more accurate than the
individual terms due to an error cancellation. Overall,
we have a good agreement between the forces obtained
analytically and through the numerical differentiation.

8. Concluding remarks

The analytic energy gradients with respect to atomic
coordinates are implemented in the BAND program for
periodic calculations based on the KS DFT formulation.
Our implementation differs from others in the direct use
of a Bloch basis set made up of Slater-type and numeric
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atomic orbitals and does not hinge upon the particular
nature of AOs—other types of AOs can be easily
implemented. The details of our implementation are
described including the use of symmetry in the reciprocal
and direct spaces, as well as the application of the frozen
core approximation. Integration in the reciprocal space
is carried out on the irreducible Brillouin zone and the
symmetry operations are applied to obtain the integrals

linear combinations of lattice translated AOs centred
at RB

X5, = exp(ik - T)x,,(r — Rg —T). (A3)
T

Under a rotation, the Bloch basis set function trans-
forms as

{0 to)xk, (1) = Y exp(ik - T){o: to) x,,(r — Rp — T)
T

= Zexp(iok c0T)y,,(07'(r—t, —0-Rz—0-T))
T

=" expliok - (0T + T5(@))) (0 (r — Res) — (0T + T5(0)))) exp(—iok - T5(0))
T

= exp(—iok - T3(0)) Z exp(iok - T)x,, (0! (r — Rip —T)), (A4)
T

over the whole Brillouin zone. Symmetry in the direct
space is used to speed up the calculations and decrease
the memory requirements. Special care is taken to ensure
that the numerical errors are minimized. The analytic
gradients are also implemented in the frozen core
approximation in which only the valence electrons are
treated variationally and, hence, the computational cost
of the SCF procedure is reduced.

EK acknowledges financial support from the Alberta
Ingenuity Fund and stimulating discussions with
Dr P. H. T. Philipsen.

Appendix A: Integration in the reciprocal
space using IBZ

The rotated Bloch state with wavevector k translates as
Bloch state with wavevector ok

{e; THo; t,}|¥¥) = {0; t,}{e; o' T} y¥)
— exp (—iok- o t)IV5), (Al

and Y% can be expanded as a linear combination of
rotated in real space one-electron states at k. The sum is
over all one-electron states degenerate to ¥

Yk = ) dio)o: t}ykr)

F'.‘ =gk

= Z d,,(o>ZZcUB,{o t)xk, (). (A2)

E—S

In the last equation, we expanded the one-electron
states in terms of Bloch basis set functions which are

where we introduced notation for an atom centred at
Rip) + Tp(0) =0 - Rp +t,. We then can expand rotated
atomic orbitals centred at Rz as
Xy (071 (r = Rigp) — T))
= Z DU«(&B)VB(O)XIL(&B) (r— R((A’B) -7 (AS)

136):))

and obtain expression for the rotated Bloch basis set
function at k

05 615, (1) = exp(—iok - T5(0)) > D0, (0) X005, (1).

HK(6B)
(A6)

Using the expression for the rotated Bloch basis set
functions, we obtain the following equation with respect
to the expansion coefficients {cOk J

chw X ()= Z ZZ k(0)ck, exp(—iok - T(0))

x ZDMM (0) X005, (1)- (A7)

H6B)
Introducing the notation 4’ = 6~'4 , we obtain

ok, =exp(—iok T (o))z d0)Y " Dy, (0),
Ha

6—8

% =exp(—iok - T (0)) Z £10)Y &5 Dy, (0). (A8)

s _5 vy

Finally, we obtain the following expression for the
P-matrix at ok

Z KTtk = exp(iok - (T 4(0) — T(0)))

x Y Py, D D, (A9)

Havp
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and
{0, Zo}pE(r) = Z ZP?AUT - RoA - T/|) = ZPZA - )Oe(r),
AT A

(4) =NL&Z DTN TP LRI, (Al0)

0 kelBZ AB pqvp

where the k-space integration weights satisfy
> kempz W(k) = 1. Substituting the expression for the
P-matrix at ok in terms of the P-matrix at k in (A10) and
employing (A6), we obtain

(A) = NéZ YN DR os ok 1Al {or t 1Ak,

0 kelBZ AB pqvp

(Al1)

Appendix B: Al-symmetry of the deformation density

We first show that the ‘atomic’ density p, is
Al-symmetric and then that the SCF density
is Al-symmetric. The deformation density Ap is
Al-symmetric as the difference of two Al-symmetric
quantities. The electron atomic density is

pe®) =Y pt pl =) plr—R4=T). (BI)
A T

We then apply symmetry operation {o; t,} to p, and
obtain

(05t} o) =D fo: t,}p(Ir — R,y —T)
A T

= sz’f(m_l “(r=Ra —0-T—=T4(0)))).
A T

(B2)

The rotation will not change the value of p(|r|) as it is
spherically symmetric, therefore,

p(j0™" - (r = Riqy — 0 - T — T4(0))])
= pl(Ir =R — 0 - T —T4(0)]) (B3)

(B4)
which proves that the sum of the spherically symmetric
atomic densities is an Al-symmetric quantity.

The proof that the SCF density is Al-symmetric is a
little bit more involved and requires the application of
some of the equations derived in Appendix A. The SCF
density is

,O(I') Z Z Z Z MAVBXMIZ} (I)X‘:k(r) (BS)

0 0 kelBZ AB pqvp

Applying a symmetry operation {«; f,} to the density,
we obtain

1 i
(s tadp®) =32 > DD P,
05 KelBZ 4B 1uivp
< {as 1} X0 (D4 1} X0k (1), (B6)
where we have introduced a notation y =« -o0. Taking
into account that the rotated basis set function at ok
transforms as

o fa }XVB (r) = exp(—iyk - Tp(a)) Z Dy oy (a)kaT(l')

(B7)
we obtain
o la},O(l')— Z Z Z Z MA’VB
Ns 6 kelBZA'B uyvy
x exp(iyk - (Tq (o) — Tr(a)))
X D Dl @Dy, (@) (0200

’ /
HaVp

=—Z Do P X ®

0 o kelBZA'B ', vp
— (). (BS)
In a similar fashion, it is possible to show that a chunk

of the SCF density which explicitly depends on an
atom’s coordinate p€(r) transforms as

for: 1a)5°(r) = Z > [Z PX e 1} X0 (1) + for: za}xvf(r)+222Re{P;;"v5{a; ta) 15 (0) (e za}x‘;';(r)}]

” o kelBZ| pcve

IS Y PRt m

K @oV @) W @ac)

o kelBZ| toyVac

K“cVB

st @+ Y D 2Re| P (et (e ra}xw)m]}

B oV en)

= 7). (B9)
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